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Abstract
We build on a previous result concerning regular simple graphs for which there is some λ > 0
such that any two adjacent vertices have exactly λ common neighbors, and the union of their
neighborhoods includes all but µ = 2 vertices. We are concerned here with graphs satisfying such
requirements with µ > 2. We give an upper bound on the order of the graph in terms of λ and µ.
This bound turns out to be sharp if µ/2 divides λ. Further, for such restricted values, the extremal
graphs for our inequality turn out to be unique for λ sufficiently large.
© 2004 Elsevier Ltd. All rights reserved.
1. Introduction and main results
Let G = (V , E) be a simple regular graph of order n with the property that there is a
non-negative λ such that any pair of adjacent vertices u, v has exactly λ = λ(uv) common
neighbors (such graphs are said to be edge-regular [1]); so λ = λ(uv) = |N(u) ∩ N(v)|
for all adjacent vertex-pairs u, v, where N(x) is the set of vertices adjacent to x . Let
J = J (uv) = |N(u) ∪ N(v)| for adjacent u, v. Observe then that the degree (in G) d
of any vertex is d = J+λ2 (note that if e = uv ∈ E , then λ(e) + J (e) = d(u) + d(v); since
each of these are constant by assumption, the result follows). For the motivation behind
this notation, see [3].
In accordance with the notation in [3], we say that G ∈ ET (n, J, λ) if and only if G is
edge-regular of order n with λ and J as above; these graphs are extremal for the inequality
given in [3].
The edge-regular graphs with parameters J = n − 2 and λ = 0 have been completely
characterized [4], and also for J = n − µ,µ > 2, λ = 0, and n sufficiently large [6].
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For J = n − 2 and λ > 0 in general, a sharp upper bound on n has been established in
[4], namely, n ≤ 3λ + 6. Equality holds only for graphs of the form Kλ+2,λ+2,λ+2 (λ > 0)
minus the edges of a two-factor consisting of K3’s [5].
Here, we extend this bound to J = n − µ, where λ > 0 and µ > 2; in particular, we
show that n ≤ 3λ + 3µ. We also show that this bound is sharp provided that µ2 | λ. Then
we prove that the extremal graphs for this inequality are unique for λ large enough (relative
to µ).
We first extend a result in [4] and [5] to the case where J = n − µ,µ ≥ 2, and a given
value of λ > 0. The proofs are given in the next section.
Theorem 1. If λ > 0, µ ≥ 0, and G ∈ ET (n, n − µ, λ), then n ≤ 3λ + 3µ. Further,
if n = 3λ + 3µ, then G contains no K4’s and any vertex in G adjacent to each of two
adjacent vertices is also adjacent to every vertex in G adjacent to neither of them.
A graph in ET (3λ+3µ, 3λ+2µ, λ), where λ > 0, is constructed as follows. Start with
the complete 3-partite graph with each part having size λ + µ, where µ2 | λ and λ > 0.
Now, pick µ/2 vertices in each part, and delete all the edges between these parts. Repeat
this process for another (disjoint from the last) set of µ/2 vertices from each part. And
continue until all such µ/2 sets are exhausted. Alternatively, we may describe the graph
as follows. Remove the edges of α-many vertex disjoint K µ
2 ,
µ
2 ,
µ
2
’s from the Tura´n graph
T3(λ+µ),3, where α = 2(λ + µ)/µ (see [7] for notation concerning the Tura´n graph). Each
part has exactly λ + µ vertices, and each vertex is non-adjacent to exactly µ/2 vertices
in the other two parts, so the graph is 2(λ + µ2 )-regular. Any two adjacent vertices are in
different parts, so their common neighbors are in the third part, and by picking either one
of these two adjacent vertices, we see that it is non-adjacent to µ/2 vertices which are
disjoint from the other’s non-neighbors in this third part; hence these two vertices have
exactly λ common neighbors. With d = J+λ2 , we see that J = 3λ + 2µ, and so this graph
really is in ET (3λ + 3µ, 3λ + 2µ, λ). Now we have some motivation for the following
theorem.
Theorem 2. If λ > 0, µ > 0, µ is odd, and ET (n, n − µ, λ) is non-empty, then
n ≤ 3λ + 3µ − 2.
It is not known for which λ > 0 and odd µ that n = 3λ + 3µ − 2 is attainable by one
of these edge-regular graphs with J = n − µ.
Our next theorem is the generalization of the µ = 2 uniqueness theorem in [5].
Surprisingly, it turns out that we must have µ2 | λ in order to achieve the bound given
above, for λ sufficiently large (relative to µ). Of course, this was not noticed in [5] since 1
divides any λ > 0.
Theorem 3. The inequality in Theorem 1 is sharp if µ2 | λ. Also, if there is a graph in
ET (3λ + 3µ, 3λ + 2µ, λ), where λ > 2µ, then that graph is unique and µ2 | λ or µ = 0.
The graph is the Tura´n graph T3(λ+µ),3 minus the edges of 2λµ + 2 vertex-disjoint copies of
T3µ
2 ,3
(see [7] for notation).
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2. Proofs and intermediate results
First, we introduce some notation used throughout the proofs. We define, for an ordered
pair (u, v) of adjacent vertices in G, a simple graph, A(u, v) = N(u) − (N(v) ∪
{v}), B(u, v) = N(v) − (N(u) ∪ {u}), X (u, v) = V (G) − (N(u) ∪ N(v)), T (u, v) =
N(u) ∩ N(v), A′(u, v) = {w ∈ A(u, v) | w is adjacent to nothing in T (u, v)}, and
B ′(u, v) = {w ∈ B(u, v) | w is adjacent to nothing in T (u, v)} (note that if u1, u2 ∈ V (G),
then A′(u1, u2) = B ′(u2, u1), hence the ordered pair notation).
We begin by proving Theorem 1.
Proof. We suppose that u, v ∈ V (G) are adjacent. Let d = J+λ2 = n−µ+λ2 denote
the degree of vertices in G. Note that |X (u, v)| = µ, and that w ∈ T (u, v) has
exactly λ common neighbors with each of u, v with (say) s ≥ 0 of these in T (u, v);
hence w has λ − s − 1 neighbors in each of A(u, v), B(u, v). Therefore, the degree
of w, dw ≤ s + 2(λ − s − 1) + µ + 2, for each w ∈ T (u, v). Thus, we have that
n ≤ 3λ + 3µ − 2s ≤ 3λ + 3µ, which gives the inequality n ≤ 3λ + 3µ, with equality
if and only if s = 0 (no K4’s in G) and every w ∈ T (u, v) is adjacent to every vertex in
X (u, v). 
Let G ∈ ET (3λ + 3µ, 3λ + 2µ, λ), where µ, λ > 0, and µ is odd. Let u and v be
adjacent. Note that the degree d of any vertex is 2λ + µ and that |A(u, v)| = |B(u, v)| =
λ + µ − 1. It follows from the proof of Theorem 1 that T (u, v) is a stable set (a set of
pairwise non-adjacent vertices). Thus each w ∈ T (u, v) has exactly λ − 1 neighbors in
A(u, v) and in B(u, v). Now, we prove Theorem 2.
Proof. Let µ > 0, λ > 0, and G ∈ ET (n, n − µ, λ). We begin by proving the following
lemma:
Lemma. Each of 〈A(u, v)〉 and 〈B(u, v)〉 have exactly µλ/2 edges (where we let 〈S〉
denote the subgraph of G induced by S).
Proof. It suffices to prove the statement for A(u, v). Let dA denote degree within
〈A(u, v)〉. Each a ∈ A(u, v) has λ common neighbors with u, and these are in A(u, v) ∪
T (u, v). Counting the number of edges between A(u, v) and T (u, v), we have λ(λ − 1) =∑
a∈A(u,v)(λ−dA(a)) = λ|A(u, v)|−
∑
a∈A(u,v) dA(a) = λ(λ+µ−1)−2|E(〈A(u, v)〉)|,
which implies the result. 
Note that lemma and the degree-sum formula together imply that 2 | µ. If µ is odd,
we have n ≤ 3λ + 3µ − 1. To see that equality is not possible, let us suppose that G ∈
ET (3λ+3µ−1, 3λ+2µ−1, λ). Then the degree of any vertex is d = J+λ2 = 2λ+µ− 12 ,
which is impossible. Thus the theorem is established. 
We now prove Theorem 3 concerning the uniqueness of the extremal graphs in the case
µ
2 | λ; it turns out that the inequality is not sharp otherwise, provided λ is sufficiently large.
It is an open problem to find a sharp upper bound in the cases where λ is not sufficiently
large. We prove Theorem 3 by proving several claims, which imply the claims concerning
uniqueness and µ2 | λ.
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Proof. We have already proved the first statement of the theorem in the previous section
after the statement of Theorem 1.
We now suppose that λ > 0, µ > 0, and G ∈ ET (3λ+ 3µ, 3λ+ 2µ, λ). Regarding the
special case µ = 0, it is shown in [2] that G ∈ ET (n, n, λ) for some n and λ if and only if
G = Tn,r for some n and r , with r | n; in this case it is easy to see that λ = (r − 2) nr . Thus
if λ > 0 and n = 3λ it follows that r = 3, which establishes both claims of this theorem in
the case µ = 0.
Henceforward, we assume that µ > 0 and, in view of Theorem 2, that µ is even. In fact,
we further assume that µ ≥ 4, since µ = 2 is proved in [5].
Claim 1. If λ ≥ µ, then A′(u, v) forms a stable set. In particular, |A′(u, v)| ≤ µ/2.
Proof. Let x, y ∈ A′(u, v) such that x is adjacent to y. As x, y are both in A′(u, v), they
have exactly λ neighbors in A(u, v). As G contains no K4, it follows that A(u, v) does not
contain a triangle and hence
2(λ − 1) + 2 ≤ |A(u, v)| = λ + µ − 1.
Hence if λ ≥ µ, the set A′(u, v) forms a stable set and as every vertex in A′(u, v) has
exactly degree λ in A(u, v), it follows that there are at least λ|A′(u, v)| edges in A(u, v)
and hence |A′(u, v)| ≤ µ/2 as A(u, v) contains exactly λµ/2 edges. 
Claim 2. If λ > 2µ, then there are exactly µ/2 vertices in A(u, v) which are not adjacent
to any of the vertices in T (u, v).
Proof. Each a ∈ A(u, v) − A′(u, v) is in T (w, u) ∩ A(u, v) for some w ∈ T (u, v); since
there are no K4’s in G, and |T (w, u) ∩ A(u, v)| = λ − 1, such a vertex is in a stable set
of cardinality λ − 1 in A(u, v); therefore, such a vertex is adjacent to at most µ vertices
in A(u, v), and thus to at least λ − µ vertices in T (u, v). If a, a1 ∈ A(u, v) − A′(u, v),
a 	= a1, and λ > 2µ, it follows that a and a1 have a common neighbor in T = T (u, v).
Therefore, a and a1 cannot be adjacent, for, if they were, they would, together with u and
a common neighbor in T , induce a K4 in G. 
From now on, assume that λ > 2µ. By Claims 1 and 2 it follows that |A′(u, v)| = µλ2 =|B ′(u, v)| for every pair u, v of vertices adjacent in G. We aim to show that µ2 | λ and that
G is isomorphic to T3(λ+µ),3 minus the edges of 2λµ + 2 vertex-disjoint copies of T3µ2 ,3.
We now show that there are triangles awb where a ∈ A(u, v), b ∈ B(u, v) and
w ∈ T (u, v). Take any a ∈ A(u, v) and w ∈ T (u, v) that are adjacent. Due to the
fact that A(u, v) − A′(u, v) is stable, and T (u, v) as well, their common neighbors are
in {u} ∪ X ∪ B . Since λ > 2µ > µ+ 1, they must have a common neighbor b ∈ B(u, v).
We let T = T (u, v) defined earlier, A′ = A′(u, v) (similarly, define B ′). Also,
let T (a, w) be the common neighbor set of a and w; similarly define T (b, w). Let
A(a, w) = N(a) − (N(w) ∪ {w}), and let B(a, w) = N(w) − (N(a) ∪ {a}); and define
A′(a, w) and B ′(a, w) as above where we defined A′ and B ′. Next, define A(b, w) =
N(b) − (N(w) ∪ {w}), let B(b, w) = N(w) − (N(b) ∪ {b}); similarly define A′(b, w) and
B ′(b, w) as above. Now, we are ready to prove the following.
Claim 3. V (G) can be partitioned into three maximal stable sets.
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Proof. We first note that it follows immediately from Claims 1 and 2 that M1 =
〈T (u, v) ∪ A′(u, v) ∪ B ′(u, v)〉 is maximal and stable. Similarly, one can show that
M2 = 〈T (a, w) ∪ A′(a, w) ∪ B ′(a, w)〉 and M3 = 〈T (b, w) ∪ A′(b, w) ∪ B ′(b, w)〉
are maximal stable sets as well. Note that these three sets do not depend on the triangle
abw chosen.
So it is left to show that M1, M2, and M3 partition V (G). We first show that M1 ∩ M2 =
∅. The way we have M1 and M2 partitioned into three sets each leaves us with nine
verifications of disjointness; however, we only need to consider the following three cases:
(1) T (u, v)∩(T (a, w)∪A′(a, w)∪B ′(a, w)): u is adjacent to all vertices of T (u, v) but u is
not adjacent to anything in (T (a, w)∪ A′(a, w)∪ B ′(a, w)) as u ∈ T (a, w). Now consider
(2) T (a, w) ∩ (A′(u, v) ∪ B ′(u, v)): proceeding as above, w is adjacent to all vertices in
T (a, w) but is not adjacent to anything in A′(u, v) ∪ B ′(u, v). Finally, we consider (3)
(A′(a, w) ∪ B ′(a, w)) ∩ (A′(u, v) ∪ B ′(u, v)): let x be in the intersection; then x is not
adjacent to anything in T (a, w)∪T (u, v) and hence x is not adjacent to at least 2λ vertices.
This implies that x is adjacent to at most λ+ 3µ − 1 vertices, hence 2λ+ µ ≤ λ+ 3µ− 1
or λ ≤ 2µ − 1.
The proof that M1 ∩ M3 = ∅ is by symmetry of the previous verifications.
To show M2 ∩ M3 = ∅ we need only check the following intersections (by symmetry):
(1) (A′(a, w) ∪ B ′(a, w)) ∩ (A′(b, w) ∪ B ′(b, w)): let x be in that intersection. Then as
above in (3) since x is not adjacent to at least 2λ vertices, we have λ ≤ 2µ − 1. We also
show (2) T (a, w)∩(T (b, w)∪ A′(b, w)∪B ′(b, w)): a is adjacent to all vertices in T (a, w)
but a is not adjacent to anything in T (b, w) ∪ A′(b, w) ∪ B ′(b, w) as a ∈ T (b, w). 
We next prove an important fact concerning how the neighbors of any given vertex are
distributed according to these three maximal stable sets; basically, since the degree of any
given vertex is 2λ + µ, the neighbors are evenly distributed, as expected, among the other
two stable sets.
Claim 4. Each vertex in Mi is adjacent to exactly λ+ µ2 vertices in each of M j , Mk, wherej, k 	= i .
Proof. First, we note that u’s neighbors distribute this way, by construction of the partition;
similarly for v, a, and b. Also, any w ∈ T (u, v) is adjacent to exactly λ + µ2 vertices in
M2 and in M3 (otherwise, if it was adjacent to less than λ + µ2 vertices in (say) M3, then it
would be adjacent to more than λ + µ2 vertices in M2, and thus v and w would have more
than λ common neighbors).
Next, we prove the claim for any vertex x ∈ A′(u, v); by symmetry, we get the claim
for B ′(u, v). We know that u is adjacent to exactly λ + µ2 vertices in M3 and adjacent to
x , and so, by the λ-requirement, x is adjacent to exactly λ of these. Let us suppose that
x is not adjacent to each of the remaining µ/2 vertices in M3 to which u is not adjacent.
Now |J (ux)| = 3λ + 2µ. Then, to satisfy its degree requirement, x is adjacent to more
than λ + µ2 vertices in M2. Note, however, that x is adjacent to a ∈ M3 (as a corollary to
Claims 1 and 2), and that a is adjacent to exactly λ+ µ2 vertices in M2, namely all vertices
in T (a, w) and A′(a, w). But this forces λ(xa) > λ, a contradiction to the λ-requirement
for adjacent vertex pairs.
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Now, we prove the claim for all vertices in x ∈ T (b, w); by symmetry we will have
the claim for T (a, w). Since the claim is true for all w∗ ∈ T (u, v), then w is adjacent to
exactly λ + µ2 vertices in M2. Now, x and w have exactly λ common neighbors in M2.
Now, if there exists some y ∈ M2 that is adjacent to neither x nor w, then x is adjacent to
more than λ + µ2 vertices in M1. However, b is adjacent to exactly λ + µ2 vertices in M1,
and is adjacent to x . Thus, λ(bx) > λ, contrary to the λ-requirement. Thus, x is adjacent
to each vertex in M2 to which w is not adjacent, and, hence, is adjacent to precisely λ + µ2
vertices in M2.
Finally, we show that the claim is true for each x ∈ A′(a, w); by symmetry, we get
the claim for A′(b, w), and the proofs for B ′(a, w) and for B ′(b, w) are similar. Now x is
adjacent to a, so λ(ax) = λ, and all of these λ common neighbors are in M1. Suppose x is
not adjacent to some vertex that a is not adjacent to in M1. Then x is adjacent to more than
λ + µ2 vertices in M3, by the degree requirement. For λ > µ, x is adjacent to some vertex
w∗ ∈ T (u, v) (since x is adjacent to at least λ vertices in M1, which has cardinality λ+µ),
of which we know is adjacent to exactly λ + µ2 vertices in M3. Therefore, λ(xw∗) > λ,
contrary to the λ-requirement. Thus, our claim is established. 
In the next claim, we show that each vertex belongs to a stable set of size µ/2, all of
whose vertices have the same neighborhoods.
Claim 5. Each vertex in Mi , for i = 1, 2, 3, belongs to a stable set of size µ/2, and each
vertex in this set has the same neighbor set in M j and Mk, where j, k 	= i .
Proof. Let x ∈ V (G) be given. Without loss of generality, suppose x ∈ M1. There are
exactly µ/2 vertices in M2 and in M3, none of which are adjacent to x ; denote the set
of such vertices by C2 and C3, respectively. We claim that no vertex in C2 is adjacent to
a vertex in C3. For proof, suppose, on the contrary, that some c2 is adjacent to some c3,
where ci ∈ Ci , for i = 2, 3. Then they have a common non-neighbor, namely x , in M1, and
are thus commonly adjacent to more that λ vertices as a result of the neighbor distribution
proved for any vertex in Claim 5, which is a contradiction to the λ-requirement.
Now, we prove that there is a set containing x such that each vertex in that set is adjacent
to no vertex in each of C2 and C3. Choose a vertex y ∈ M2 (say) adjacent to x . Now, as
a corollary to the last paragraph, y is adjacent to each vertex in C3. Thus, y and any such
vertex in C3 have exactly λ common neighbors. Let c3 ∈ C3. Then, y has exactly µ/2
neighbors in M1, all of which are non-adjacent to c3; denote the set of such vertices by Cy .
Subclaim. Each vertex in C3 has the same neighborhood in M1.
Proof. Suppose that some c′3 ∈ C3, distinct from c3, has a different neighborhood in M1
than c3. Then, there exists some y ′ ∈ Cy adjacent to c′3. Thus, λ(c′3 y ′) = λ, and each
of these λ vertices is in M2. We make the further subclaim that y ′ is not adjacent to any
c2 ∈ C2. We prove the subclaim by contradiction; so suppose that y ′ is adjacent to some
c2 ∈ C2. Then λ(c2 y ′) = λ, each vertex of which must be in M3. Well, c2 is not adjacent
to c3, since no vertex in C2 is adjacent to any vertex in C3. And y ′ is not adjacent to c3, by
definition of Cy . Now, this will force c2 and y ′ to have at least λ + 1 common neighbors,
since both are adjacent to precisely λ + µ2 vertices in C3 and neither are adjacent to c3,
which is a contradiction. Thus, the “further subclaim” is established.
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Now, since neither c′3 nor y ′ is adjacent to any vertices in C2, then they will have λ + µ2
common neighbors, which is a contradiction to the λ-requirement. Thus, each vertex in C3
is non-adjacent to each vertex in Cy , and since each such vertex in C3 has precisely λ + µ2
neighbors in M1, the subclaim is established. 
Finally, we show that no vertex in C2 has a neighbor in Cy . For proof, suppose, on
the contrary, that some c2 ∈ C2 has a neighbor y ′ ∈ Cy . Thus, they will have exactly
λ common neighbors in M3. Well, neither are adjacent to any vertex in C3, so that they
will have λ + µ2 > λ common neighbors, a contradiction. This completes the proof of
Claim 5. 
Thus our theorem is proven. 
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